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1. INTRODUCTION 
In 1953 P. P. Korovkin published his now famous result on the convergence 
of positive operators on C[a, b] and since that time there has been con-. 
siderable work done to extend and generalize the results of Korovkin. An 
exposition of these results with references can be found in [2]. 
Let E be a Banach space and 5? some set of bounded linear operators that 
map E into itself. A subset F (very often finite) of E is called a Koroakir; se: 
if for each sequence (15,) of operators in dp 
This definition is due to Y. A. Saskin who investigated these sets for 
E = C(X), X a compact Hausdorff space and the class of positive operators 
[3]. Korovkin sets have also been studied in C(X> and L, with respect to 
contraction operators [2, 4, 61. 
Hithertofore, Korovkin sets have been studied only in a Banach space, 
in fact for the most part only in C(X) and L, . Tt is the purpose of this note 
.to iook at Korovkin sets in a locally convex space which is not normable. 
Let S be a iocally compact, o-compact, Hausdorff space; C(X> the space 
of continuous, real-valued functions defined on X. We shall give C(X) the 
topology of uniform convergence on compact sets. Since X is u-compact, 
C(Xj is a Frechet space, which implies it is barreled. The dual space is the set 
of ail regular Radon measures on X with compact support (1, p” 203]. 
For simplicity we shall restrict the discussion to the above-mentioned space, 
but it should be pointed out that most of the results will hold for any subspace 
of C(Xj w-hich is barreled and whose duai space contains all the poict- 
evaluation functionals. An example of such a subspace is the space E:e of 
functions having compact support with the inductive topology with respect 
205 
ccpyrighr Q 1974 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
206 RALPH L. JAMES 
to the family of compact sets [5]. EC is an example of a space which is barreled, 
but not metrizable. 
We shall denote the point evaluation functional at x by Ed and the set of 
positive continuous linear functionals on C(X) by A!. F will be a subset of 
C(X) and M will be the linear hull of F. We define the subset 
k?F = {x E X: g, E A, y IF = E, implies v = Ed}. (l-3) 
If X is compact, then a sufficient condition that F be a Korovkin set is that 
iiF = X. This is also necessary if X is metrizable. We shall show essentially 
the same result holds in the more general setting. 
2. THE BASIC THEOREMS 
We now prove some general convergence theorems. The first result will not 
be used later but it is of some interest. 
PROPOSITION 2.1. Suppose iiE; is dense in Xavrd L E 9 such that L IF = I jp . 
Then L = I. 
Proof. If x E aF, then E, 0 L IF = E, IF which implies E, 0 L = E, . Thus 
forf in C(X), (Lf)(x) =f(~), for all x in 3F, which implies Lf =J 
This tells us in particular that there are no positive projections other than 
the identity from C(X) onto M. Observe also that the o-compactness of X 
was not needed. 
Since C(X) is barreled, a sequence {F~} in J&’ is bounded if and only if 
{am} is bounded for each f in C(X). 
TKEOREM 2.2. Let {yn} be a bounded sequence in A??. If for some x in 8F 
then 
s(f) -f(x), f E F, (2.1) 
%m -T. f(x), f E an (2.2) 
Proof. Let {vn,} be an arbitrary subsequence of {yn}. Since C(X) is 
barreled, there exists a further subsequence {cp,-> and p) in A! such that 
~JX By (2.1), 9) IF = cZ jF and since x E aF, y = E, . Thus yn” + Ed 
Zd TTlis implies (2.2). 
Let us note that 3F is the largest subset of X for which Theorem 1.2 is 
true. If x $3F, then there exists y E 4’ such that y IF = .Q, but y # c2. 
If we let 9, = v, then (2.1) is true, but (1.2) is not. 
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TEEOREM 2.3. Assume {L,) is a sequence in 9 such that for each f ir: 
C(X) a.;zd x in X, ((L,J)(x)> is bounded. If 
then 
Proo$ Let y.n = E% 5 L, , x E FF and apply Theorem 2.2. 
In particular if BF = X, then we have a Korovkin type theorem involving 
pointwise convergence. 
We will use the following terminology: A subset A of X is sequerztialiy 
conzpacr provided each sequence in A has a subsequence that converges 
to an element of A. 
Now let {Ln) be a sequence in 9 with the following boundedness condition: 
For eachfin C(X) and each sequentially compact subset A ofk; 
{(L&(x)) is bounded, uniformly for x in A. (2.51 
We say that P is a Korovkin set provided for each sequence (L,; in 9 
satisfying (2.5) L,f --S, ,f E F implies L,,f + fi f E C(XJ. 
t/n~~ormly oiz sequentially compact subsets of BF. 
Pr,ooJ Assume A is a sequentially compact subset of aE, Jr0 E C(X) for 
which (2.7) is false. Then there exists E > 0, (L,J, xi: E A such that 
j Kz,h)h> - .fo(XP)! 3 E> k = 1, 2,.... (2.8:, 
By passing to a subsequence if necessary we may assume X~ + x E A. E%y 
(2.61, for f in F, (L,f)(x,j + f (xj, i.e., E+!: 0L, + E.~ on F. By Theorem 2.2, 
Ed, 0 Lnk - Ed on C(X), whence ~(LnJO)(xpj --fO(x)l --j. 0 as k + 133. Then 
the inequality 
yields a contradiction of (2.8). 
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COROLLARY 2.5. Assume aF = X. if 
U--f, f~f.3 (2.9) 
then 
Lf --f, f E cm, (2.10) 
i.e., F is a Korovkin set. 
COROLLARY 2.6. Let X be the set of real numbers, F = (1, x, x”}. Then F 
is a Korovkin set. 
Proqf: In this case, aF = X. 
Let us note that aF is the largest set for which Theorem 2.4 holds. More 
precisely we have the following: 
THEOREM 2.7. If X is metrizable and x, 6 aF, then there exists a sequence 
(L,) of positive, continuous linear operators atisfying (2.3) such that L,f + f, 
f c F, buffor sonzefo EC(X), &fo>h) +f(+,). 
Proof. The construction is the same as that in [2, p. 81 and so it will be 
omitted. 
3. VARIATIONS OF THE BASIC THEOREMS 
Let Y be another locally compact, u-compact space. C(Y) will also have 
the topology of uniform convergence on compact sets. We let 9 be the set 
of all positive, continuous linear operators mapping C(X) into C(Y). The 
basic theorems in Section 2 admit a slight generalization with operators 
L, belonging to 9, and the identity operator replaced by a “reshuffling” 
operator L of the same class. This means for each y E Y, there exists an 
x E X with (Lf)(y) =f(x) for all f in C(X). Let T: Y---f X be defined by 
TJ~ = x if and only if (L&(y) =f(x) for all f in C(X). 
Henceforth we assume {L,) is a sequence in 9 satisfying the following 
boundedness condition: 
For each f in C(X), {(L,,~)(JJ)} is uniformly bounded on each 
sequentially compact subset of Y. (3.1) 
The proofs of the next two theorems are similar to the proofs given in 
Section 2. 
THEOREM 3.1. Assume F C C(X) and y E T-l(aF). If 
@J)(Y) - W)(Y), f E E (3.2) 
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THEOREM 3.2. Assume for each f in F 
uniformly on compact subsets of T-l(aF). Then for each f ir C(X) 
unifomdy on sequentially compact subsets of T-‘(P). 
As an application of Theorem 3.2 we obtain a generalization of a theorem 
which was proved in [2] in a different way. 
THEOREM 3.3. Suppose 8F = X, so that F is a Koroz;kir? set for C(X). g 
Y is a subset of X, then the restrictions f ' off .h F to YJbm a Korovkin set 
F’ in C(X’). 
P~-oojI Let L be the operator of restriction. Then from Theorem 3.2 it 
follows, if L,’ map C(X’) into itself, and if Lq;ff +jJ for all f’ in F’, tlia: 
for all f in C(X), (L,’ 0 L)(f) --f Lf and this means that L,y’ --f’ for a!i: 
f’ in C(T). 
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